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HYPERSYMPLECTIC STRUCTURES WITH TORSION ON LIE 

ALGEBROIDS 

P. ANTUNES AND J.M. NUNES DA COSTA 


Abstract. Hypersymplectic structures with torsion on Lie algebroids are in¬ 
vestigated. We show that each hypersymplectic structure with torsion on a 
Lie algebroid determines three Nijenhuis morphisms. From a contravariant 
point of view, these structures are twisted Poisson structures. We prove the 
existence of a one-to-one correspondence between hypersymplectic structures 
with torsion and hyperkahler structures with torsion. We show that given a 
Lie algebroid with a hypersymplectic structure with torsion, the deformation 
of the Lie algebroid structure by any of the transition morphisms does not af¬ 
fect the hypersymplectic structure with torsion. We also show that if a triplet 
of 2-forms is a hypersymplectic structure with torsion on a Lie algebroid A, 
then the triplet of the inverse bivectors is a hypersymplectic structure with 
torsion for a certain Lie algebroid structure on the dual A*, and conversely. 
Examples of hypersymplectic structures with torsion are included. 


Introduction 

Hypersymplectic structures with torsion on Lie algebroids were introduced in 
[4], in relation with hypersymplectic structures on Courant algebroids, when these 
Courant algebroids are doubles of quasi-Lie and proto-Lie bialgebroids. In fact, 
while looking for examples of hypersymplectic structures on Courant algebroids 
we found in [4], in a natural way, hypersymplectic structures with torsion on Lie 
algebroids. The aim of this article is to study these structures on Lie algebroids. 
We look at them as the “symplectic version” of hyperkahler structures with torsion 
and also from a contravariant perspective, as twisted Poisson structures. 

A triplet (tui, w 2 , w 3 ) of non-degenerate 2-forms on a Lie algebroid (A,/.1) is a 
hypersymplectic structure with torsion if the transition morphisms Ni,i = 1,2,3, 
satisfy Nf = —kU and Ahdoq = .A 2 dw 2 = N 3 duj 3 (Definition 1.1). These structures 
can be viewed as a generalization of hypersymplectic structures on Lie algebroids, 
a structure we have studied in [2]. We prove that they are in a one-to-one cor¬ 
respondence with hyperkahler structures with torsion [6, 12], also known as HKT 
structures, which first appeared in [7] in relation with sigma models in string the¬ 
ory. Let us briefly recall what a HKT manifold is. Let M be a hyperhermitian 
manifold, i.e., a manifold equipped with three complex structures Ah, A 2 and N 3 
satisfying Ah Ah = —N 2 N 1 = N 3 and a metric g compatible with the three complex 
structures. If there exists a linear connection V on M such that Vg = 0, VAh = 
VAh = V1V 3 = 0 and H. defined by H{X,Y,Z) = g(X,V Y Z - V Z V - %Z}), 
is a 3-form on M, then M is a HKT manifold. In [6] it was proved that the 
condition that H be a 3-form can be replaced by the following equivalent require¬ 
ment: Ahdoq = A 2 dcij 2 = A r 3 dtu 3 , where uq, w 2 and w 3 are the associated Kahler 
forms. Later, in [12], the authors showed that the assumption that Ah, AT 2 and 
A3 are Nijenhuis can be removed from the definition of HKT manifold, because 
the equalities Ahdaq = A r 2 dw 2 = A 3 dw 3 imply the vanishing of the Nijenhuis tor¬ 
sion of the morphisms Ah, Ah and A3. Thus, the definition of a HKT manifold 


1 


2 


P. ANTUNES AND J.M. NUNES DA COSTA 


can be simplified, requiring that it is an almost hyperhermitian manifold satisfy¬ 
ing TViduq = N 2 du >2 = N 3 dLj 3 . Here, we extend the notion of HKT structure to 
Lie algebroids. Our definition of hypersymplectic structure with torsion and HKT 
structure is more general than the usual one, since we consider the cases of (almost) 
complex and para-complex morphisms TV,;. We also look at hypersymplectic struc¬ 
tures with torsion on Lie algebroids from a different perspective, by presenting an 
alternative definition in terms of bivectors instead of 2-forms (Theorem 2.2). These 
bivectors are twisted Poisson, also known as Poisson with a 3-form background 
[15]. Moreover, we prove that the almost complex morphisms Nj , N 2 and N 3 , that 
are constructed out of the 2-forms and the twisted Poisson bivectors, are in fact 
Nijenhuis morphisms (Theorem 7.1). In other words, a hypersymplectic structure 
with torsion on a Lie algebroid A determines three Nijenhuis morphisms and three 
twisted Poisson bivectors. It is well known [8] that if (A, /z) is a Lie algebroid and 
TV is a Nijenhuis morphism, the deformation (in a certain sense) of /i by TV yields a 
new Lie algebroid structure on A, that we denote by /zzv- On the other hand, if a Lie 
algebroid ( A , /z) is equipped with a nondegenerate twisted Poisson bivector 7 r, the 
dual vector bundle A* inherits a Lie algebroid structure given by /i w + \ {w, [zr, 7t] }, 
where w is the inverse of 7 r (Proposition 7.6). So, two natural questions arise. 

1. If (wi, ia 2 , oj 3 ) is a hypersymplectic structure with torsion on a Lie algebroid 
(A,/z), does it remain a hypersymplectic structure with torsion on the Lie 
algebroid (A^fj,^), fori = 1,2,3? 

In Theorem 7.5 we answer this question positively, showing that (wi, lu 2 , oj 3 ) 
is a hypersymplectic structure with torsion on (A, /z) if and only if it is a 
hypersymplectic structure with torsion on (A,/zjvJ, for i = 1,2,3. 

2. Does a hypersymplectic structure with torsion on a Lie algebroid A induce 
a hypersymplectic structure with torsion on the Lie algebroid A* ? 

The answer is given in Theorem 7.8, where we prove that ( uji,uj 2 ,uj 3 ) is 
a hypersymplectic structure with torsion on (A, /z) if and only if (ti, T 2 , ^ 3 ) 
is a hypersymplectic structure with torsion on (A*, — — L {oji, [ 7 r», 7r,]}), 

i = 1,2,3, where nt is the inverse of z©. 

Question 2 was answered in [3] for the case of hypersymplectic structures (with¬ 
out torsion) on Lie algebroids. 

In Section 1 we define e-hypersymplectic structures with torsion on a Lie al¬ 
gebroid and present some of their properties. In Section 2 we characterize them 
in terms of twisted Poisson bivectors. The structure induced on the base mani¬ 
fold of a Lie algebroid with a hypersymplectic structure with torsion is described 
in Section 3. In Section 4 we introduce the notion of hyperkahler structure with 
torsion on a Lie algebroid and prove the existence of a one-to-one correspondence 
between hypersymplectic structures with torsion and hyperkahler structures with 
torsion on a Lie algebroid (Theorem 4.5). Section 5 contains three examples of 
hypersymplectic structures with torsion on R 8 , on su(3) and on the tangent bun¬ 
dle of S 3 x (S' 1 ) 5 , respectively. In Section 6 we start by recalling the definition 
of (para-)hypersymplectic structures on a pre-Courant algebroid. Then, we con¬ 
centrate on pre-Courant structures on the vector bundle A © A*, to study the 
Nijenhuis torsion of an endomorphism of A © A* of type T>n = TV © (—TV*), with 
TV : A —>■ A. Namely, we establish relations between the Nijenhuis torsion of T>n 
and the Nijenhuis torsion of TV (Propositions 6.2 and 6.4). In Proposition 6.5 we 
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show how the Frolicher-Nijenhuis bracket on a Lie algebroid can be seen in the 
pre-Courant algebroid setting. Section 7 contains the main results of the paper. 
Given a (para-)hypersymplectic structure with torsion on a Lie algebroid, we prove 
that the transition morphisms are Nijenhuis (Theorem 7.1) and pairwise compati¬ 
ble with respect to the Frolicher-Nijenhuis bracket (Proposition 7.2), and that the 
twisted Poisson bivectors are compatible with respect to the Schouten-Nijenhuis 
bracket of the Lie algebroid (Proposition 7.3). The results of [ ] are extensively 
used in the proofs of Section 7. 

Most of the computations along the paper are done using the big bracket [9] . For 
further details on Lie and pre-Courant algebroids in the supergeometric setting, see 
[13, 14, 17, 16]. 

Notation: We consider 1, 2 and 3 as the representative elements of the equivalence 
classes of Z 3 , i.e., Z 3 := {[1], [2], [3]}. Along the paper, although we omit the 
brackets, and write i instead of [i], the indices are elements in Z 3 := Z/3Z. 

1. HYPERSYMPLECTIC STRUCTURES WITH TORSION 

Let (A, p) be a Lie algebroid and take three non-degenerate 2-forms wi,u; 2 and 
w 3 £ r(A 2 A*) with inverse 7 Ti,7t 2 and 7r 3 £ T(A 2 A), respectively. We define the 
transition morphisms Ni,N 2 and iV 3 : A —> A, by setting 

(!) N i ■= A- 1 ° A+i, i e z 3 . 

In (1), we consider the usual vector bundle maps 7r# : A* —> A and u> b : A —> A*, 
associated to a bivector n £ F(/\ A) and a 2-form w £ r(/\"A*), respectively, 
which are given by (/3,7r#(a)) = n(a, (3) and {u> b {X),Y) = uj(X,Y), for all a, f3 £ 
r(A*) and X,Y £ T(A). 

In what follows we shall consider the parameters £j = ±1, i = 1,2,3, and the 
triplet £= (£i,£ 2 ,£ 3 ). 

Definition 1.1. A triplet (wi,w 2 ,a; 3 ) of non-degenerate 2-forms on a Lie algebroid 
(A, p) is an e-hypersymplectic structure with torsion if 

(2) N 2 = £ i \&A 1 i — 1,2,3, and £ 2 Nidwi = £ 3 N 2 dw 2 = £iN 3 dw 3 , 
where JVj, i = 1,2, 3, is given by (1) and 

Nidu>i(X, Y, Z) := dwi(NiX, N t Y , N t Z), for all X,Y,Z £ T(A). 

When the non-degenerate 2-forms ,w 2 and w 3 are closed, so that they are 
symplectic forms and £ 2 Wdwi = £ 3 A^ 2 dw 2 = £iAi 3 do; 3 is trivially satisfied, the 
triplet (wi,w 2 ,u; 3 ) is an e-hypersymplectic structure on (A, p) [2]. 

Having an e-hypersymplectic structure with torsion (wi,w 2 ,w 3 ) on a Lie alge¬ 
broid A over M, we define a map 

(3) g-.AxA— *R, g(X,Y) = (g b (X),Y), 

where g b : A —> A* is the vector bundle morphism defined by 

(4) g b := £ 3 £ 2 w 3 b o 7n # o w 2 b . 

The definition of g b is not affected by a circular permutation of the indices in (4), 
that is, 

g b = £i_i£ i+ i Ui-i o 71 -^ o w i+ i b , i £ Z 3 . 


(5) 

Moreover, 

( 6 ) 


(A)* = -£i£2&3 g\ 
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which means that g is symmetric or skew-symmetric, depending on the sign of 
£i£ 2 £ 3 - An important property of g is the following one: 

(7) g(N i X,N i Y) = e i _ 1 e i+1 g(X,Y), X,Y gT(A). 

Notice that g° is invertible and, using its inverse, we may define a map <? _1 : ^4* x ^4* 
by setting 

(8) := (/?, (3 b ) _1 (o0), 

for all a, € r(A*). 

All the algebraic properties of e-hypersymplectic structures on Lie algebroids, 
proved in Propositions 3.7, 3.9 and 3.10 in [2], hold in the case of e-hypersymplectic 
structures with torsion. 

2. The contravahiant approach 

In this section we give a contravariant characterization of an e-hypersymplectic 
structure with torsion on a Lie algebroid. 

We shall need the next lemma, that can be easily proved. 

Lemma 2 . 1 . Let uj be a non-degenerate 2-form on a Lie algebroid (A,g), with 
inverse tt. Then, 

(9) i[7T,7r] = dw (7T tt (-),7T t '(-)) 
or, equivalently, 

( 10 ) do; = i [tt,tt] (w b (-),w b (-),w b (-)) , 

where [•>•] stands for the Schouten-Nijenhuis bracket of multivectors on (A,g). 

Equation (9) means that tt is a twisted Poisson bivector on (A,g), also known 
as Poisson bivector with the 3-form background dw [15]. 

Let (wi, ui 2 , W 3 ) be an e-hypersymplectic structure with torsion on (A, g) and let 
us denote by H the 3-form 

H := £2Nidu>i = e3_/V2du;2 = £1 Wdcya. 

So, for all X, Y, Z € T(A), 

( 11 ) H(X,Y,Z) = s i+ 1 du i (N i X,N i Y,N i Z), i = 1,2,3, 
or, equivalently, 

(12) d u>i(X, Y, Z) = e i e i+l H{N i X, N t Y , N t Z), i = 1,2,3. 

Now we prove the main result of this section, that gives a characterization of 
e-hypersymplectic structures with torsion on a Lie algebroid. 

Theorem 2 . 2 . A triplet (w 1 , 022 , W 3 ) of non-degenerate 2-forms on a Lie algebroid 
(A, p) with inverses tt\,tt 2 and tt^, respectively, is an e-hypersymplectic structure 
with torsion on A if and only if 

Ni 2 =£iid A , i = 1,2,3, and ei [tti, m] = e 2 [ 7 r 2 , 7 r 2 ] = e 3 [ 7 r 3 , 7 r 3 ], 
with Ni given by ( 1 ). 

Proof. Assume that e 2 -/Vidwi = e 3 _/V 2 dw 2 = eiA^dc^. Using (9), (12) and formula 
Ni o 7 r| = ei-xe^g- 1 )^ (see [ 2 ]), we have 

= 2eidwi (7r“(-),7r“(-),7r|(-)) 

= 2 ei £ 2 £ 3 H ((g" 1 )^-), (ff -1 )^'), (fl , “ 1 ) tt (-)) , 
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for i g Z 3 ; thus, 

£l[70,7Tl] = £2 ["7T2,7T 2 ] = £ 3 ^ 3 , 7T 3 ]. 

Conversely, assume that £i[ 7 Ti, 7 Ti] = £ 2 (^ 2 ,^ 2 ] = £ 3 ( 773 , 773 ] and let us set ip 
5 £i[ 7 Tj, 7 Tj]. Then, using (10) and formula u)\ o Ni = £i-\g° (see [ ]), we get 

£ i+ 1 dUi(Ni(-),Ni(-),Ni(-)) = ^£ i+1 [7T*, 7T*] (u\ o Ni(-),u\ O iVi(-), wj o JV<(-)) 

= £i£ 2 £ 3 ^ • 

Therefore, we conclude 

£2-/Vidwi = £3A^do;2 = eiA^da^. 


□ 


Remark 2.3. When there is an e-hypersymplectic structure with torsion on a Lie 
algebroid (A, p), this Lie algebroid is equipped with a triplet ( 711 , 712 , 713 ) of twisted 
Poisson bivectors that share, eventually up to a sign, the same obstruction to be 
Poisson. This obstruction is denoted by ip in the proof of Theorem 2.2. 


3. Structures induced on the base manifold 

It is well known that a symplectic structure oj on a Lie algebroid A —> M induces 
a Poisson structure on the base manifold M. The Poisson bivector 7 r M on M is 
defined by 

(13) = p o J o p*, 

where p is the anchor map and 77 £ r(A 2 A) is the Poisson bivector on A which is 
the inverse of ui. In the case where uj is non-degenerate but not necessarily closed, 
so that 7r defines a Poisson structure with the 3-form background dco on the Lie 
algebroid A (see (9)), the base manifold M has an induced Poisson structure with 
a 3-form background, provided that dw £ T(A 3 A*) is the pull-back by p of a closed 
3-form (j> M £ f } 3 (M). In fact, if duj = p*{<p M ) then, a straightforward computation 
gives 

[ 77 , 7r] = 2du} (7T**(-), 7T**(-), 7T**(-)) 

which implies that 

Kf^A Am = 2 <t>M (^L (•), 77^ (-), (•)) , 

where n M is given by (13) and [-,-] M stands for the Schouten-Nijenhuis bracket of 
multivectors on M. 

The next proposition is now immediate. 

Proposition 3.1. Let (wi, 012 ,^ 3 ) be an e-hypersymplectic structure with torsion 
on a Lie algebroid (A, p) over M with inverses 7 Ti, 7 T 2 and 773 , respectively. Let 
p be the anchor map of A. If du>i = P*(<fi l M ), i = 1,2,3, with <p l M a closed 3- 
form on the manifold M, then M is equipped with three twisted Poisson bivectors 
tTm’TTm an d ^m 1 defined by (13); the 3- forms background are <jr , <p 2 M and p 3 M , 
respectively. Moreover, the three bivectors on M share, eventually up to a sign, the 
same obstruction to be Poisson. 

We should stress that if Wj = p*(w l M ) for some 2-forms w l M on M , i = 1,2,3, 
then doji = p*( 6 u} l M ) with 6 the De Rham differential on M. So, the assumptions 
of Proposition 3.1 are satisfied and 

((<,)'(■), «)>(•), «,)»(•)), 

* = 1,2,3. However, although the bivectors n ) t , -k 2 m and 77 ^ on M satisfy £1 [ 77 ^., ir ) t ] M 
= £ 3 (k 3 m ,7r 3 f ] M > in general, the triplet , u 2 m , uj 3 m ) does not define 
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an e-hypersymplectic structure with torsion on M, because u> 1 is not the inverse 
of 7 . 

M 

4. Hypersymplectic structures with torsion versus hyperkahler 

STRUCTURES WITH TORSION 

In this section we consider e-lrypersymplectic structures with torsion such that 
£i £ 2 £3 = — 1 and we prove that these structures are in one-to-one correspondence 
with (para-)hyperkahler structures with torsion, a notion we shall define later. 
First, let us consider two different cases of an £-hypersymplectic structure with 
torsion such that £i £ 2 £3 = — 1 . 

Definition 4.1. [4] Let (wi, w 2 , W 3 ) be an £-hypersymplectic structure with torsion 
on a Lie algebroid {A,p), such that £i £ 2 £3 = — 1 . 

• If £1 = £ 2 = £3 = —1, then (<vi, w 2 , W 3 ) is said to be a hypersymplectic 
structure with torsion on A. 

• Otherwise, (wi, w 2 , W 3 ) is said to be a para-hypersymplectic structure with 
torsion on A. 

For a (para-)hypersymplectic structure with torsion on a Lie algebroid (A,p), 
the morphism g° defined by (4) determines a pseudo-metric on (A, p) [2]. 

Hyperkahler structures with torsion on manifolds were introduced in [ ] and 
studied in [ 6 ] and in [12]. The definition extends to the Lie algebroid setting in a 
natural way. Let (A, p) be a Lie algebroid and consider a map and 

endomorphisms I\, I 2 ,13 : A —> A such that, for all ieZ 3 and X, Y £ T(A), 

i) g is a pseudo-metric; 

ii) if = EjidA, where £* = ±1 and £i £ 2 £3 = — 1 ; 

(14) in) I 3 = £i£ 2 /i o i 2 ; 

iv) g (IiX,IiY) = £j_i£ i+ ig(X,F); 
v) £ 2 /idwi = £ 3 / 2 du ; 2 = £i/ 3 do; 3 , 

where the 2-forms i = 1,2, 3, which are called the Kdhler forms , are defined by 

(15) W- = £i£i_ig b o Ii. 

Definition 4.2. A quadruple (g, Ii, I 2 , 13 ) satisfying (14)*) — v), on a Lie algebroid 
(A, p), is a 

• hyperkahler structure with torsion on A if £1 = £ 2 = £3 = —1; 

• para-hyperkdhler structure with torsion on A , otherwise. 

Remark 4.3. Most authors consider that a (para-)hyperkahler structure, with or 
without torsion, is equipped with a positive definite metric, while for us g : Ax A —> 
R is a pseudo-metric, i.e., it is symmetric and non-degenerate. 

Note that, because £i £ 2 £3 = —1, on a (para-)hyperkahler structure with torsion 
(g, Ii, I 2 , 13 ), we always have A o Ij = —Ij o /,, for all i,j £ {1,2,3},* 7 ^ j (see 
Proposition 3.9 in [2]). 

The next lemma establishes a relation between the pseudo-metric and the Kahler 
forms of a (para-)hyperkahler structure with torsion on a Lie algebroid. Namely, it 
is shown that the pseudo-metric satisfies an equation similar to (5). 

Lemma 4.4. Let (g, I\, 1 - 2 , 13 ) be a (para-)hyperkahler structure with torsion on a 
Lie algebroid with associated Kdhler forms u>i, w 2 and W 3 . Then, 

g b = £j_i£,;+i U)i-i O 71 ‘j* O U) i+1 b , i £ Z 3 , 
where 7 r,; is the inverse of uii . 
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Proof. It is enough to prove that g b = £i£ 3 wi b o o aV . From (15) we have, on 
one hand, 

(16) g b = £ 2^3 o / 3 = £^3 o/jolj 

and, on the other hand, 

(17) g b = £10130 I 2 . 

From (16) and (17), we get 

U)\ O I x = u4 <t=> 7l = 7Tg O J° 2 <t=> II = E\t\ O W 3 , 

where we used (di )” 1 = £ili, and so, g b = e 3 lo\ o Ii yields 

g b = £l£ 3 Wl b O 772* O W 3 b . 


□ 


At this point, we shall see that (para-)hypersymplectic structures with torsion 
and (para-)hyperkahler structures with torsion on a Lie algebroid are in one-to-one 
correspondence. 

Theorem 4.5. Let (A, g) be a Lie algebroid. There exists a one-to-one correspon¬ 
dence between (para-)hypersymplectic structures with torsion and (para-)hyperkdhler 
structures with torsion on (A,g). 

Proof. Let (u>i, 1 x 2 , w 3 ) be a (para-)hypersymplectic structure with torsion on A and 
consider the endomorphisms Aq, N 2 , iV 3 and given by (1) and (4), respectively. 
Since the equalities N\oN 2 = £\£ 2 N 3 = —N 2 oN\ hold and g satisfies = EiEi-\g°o 
Ni (see [2]), the quadruple (g,Ni,N 2 ,N 3 ) is a (para-)hyperkahler structure with 
torsion on (A, ff) and its Kahler forms are uji,uj 2 and u> 3 . 

Conversely, let us take a (para-)hyperkahler structure with torsion (g, Ii, I 2 ,1 3 ) 
on A and consider the associated Kahler forms wi, co 2 and w 3 , given by (15). We 
claim that (aq, ui 2 , w 3 ) is a (para-)hypersymplectic structure with torsion on A. To 
prove this, it is enough to show that Ii,I 2 and I 3 are the transition morphisms 
of (wi, W 2 , w 3 ), defined by (1). From = £»£*_ig b o (definition of the Kahler 
forms), we get g" = o Li or, using Lemma 4.4, 

EiJl O 7t£ +1 O lo\_ 1 = O Ii, 

which is equivalent to 

h = e*7rf +1 o u\_ 1 = 7r?—■]_ o uj \ +1 , 

where we used ( Ii )~ 1 = Eili in the last equality. □ 

As a consequence of Theorem 4.5, if we pick a (para-)hypersymplectic structure 
with torsion (uq, uq, w 3 ) on (A, g) and consider the (para-)hyperkahler structure 
with torsion ( g , N\,N 2 , N 3 ) given by Theorem 4.5 then, the (para-)hypersymplectic 
structure with torsion that corresponds to (g, Ni, N 2 , N 3 ) via Theorem 4.5, is the 
initial one, i.e., (uq, uq, w 3 ). 


5. Examples 

We present, in this section, three examples of hypersymplectic structures with 
torsion. The first two examples are on Lie algebras, viewed as Lie algebroids over 
a point, and the third is on the tangent Lie algebroid to a manifold. 

The first example is inspired from [ 6 ]. Let {Ai, A 2 , B\, B 2 , Z, C\, C 2 , C 3 } be a 
basis for R 8 and let us consider the Lie algebra structure defined by 

[A 1 ,B 1 ] = Z, [A 2 ,B 2 \ = -Z 
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and the remaining brackets vanish. We denote by {ai,a 2 ,bi,b 2 , z,c\, c 2 , C3} the 
dual basis and we define a triplet (uji,oj 2 ,uj3) of 2-forms on R 8 by setting 

wi = ai&i + a 2 b 2 + zc\ + C2C3; 
w 2 = —«ia 2 + &1&2 — zc 2 + C1C3; 

W3 = — ai6 2 + a 2 b\ — ZC3 — Cic 2 . 


Their matrix representation on the basis {Ai,A 2 , B 1, B 2l Z, C\,C 2 , C3} and its dual 
is the following: 



0 

0 

0 

1 

0 

0 

0 

0 


1 

0 

0 

0 

0 

0 

0 

0 


-1 

0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

1 

0 

0 

0 

0 


0 

-1 

0 

0 

0 

0 

0 

0 

5 - M - UJ 2 — 

0 

0 

-1 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

-1 

0 


0 

0 

0 

0 

-1 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

1 


0 

0 

0 

0 

0 

0 

0 

1 


0 

0 

0 

0 

1 

0 

0 

0 

V 

0 

0 

0 

0 

0 

0 

-1 

0 ) 


l 0 

0 

0 

0 

0 

-1 

0 

0 


and 


M. UJ3 


/ 0 0 0 

0 0 1 

0-10 
10 0 
0 0 0 

0 0 0 

0 0 0 

\ 0 0 0 


-10 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 1 

0 10 


0 0 \ 

0 0 

0 0 

0 0 

0 -1 
-1 0 

0 0 

0 0 / 


The 2 -forms uj\, uj 2 and W3 are non-degenerate and since 


( 18 ) dwi = —ai^iCi + a 2 b 2 c\ , dw 2 = ai6ic 2 — a 2 b 2 c 2 , dw 3 = CI1&1C3 — a 2 b 2 C3, 


they are not closed. The transition morphisms Ni, N 2 and IV3, given by ( 1 ), 
correspond to the following matrices in the considered basis: 


= Mn 2 =—M U21 Mn 3 =—M 

Using ( 18 ), we have 


dwi (JVi (■), JV X (-), JVi (■)) = duj 2 (N 2 (-),N 2 (-),N 2 (-)) 


dw 3 (A^ 3 (-), A^ 3 (-), A^ 3 (-)) 


aibiz—a 2 b 2 z. 


so that the triplet (wi,u;2,W3) is a hypersymplectic structure with torsion on R 8 . 
The pseudo-metric g determined by (wi,u;2,W3), defined by ( 4 ), is simplyg = —idgs. 

Next, we address an explicit example [ 11 ] of an hypersymplectic structure with 
torsion on the Lie algebra su( 3 ) of the Lie group SU( 3 ). 

We write E pq for the elementary 3 x 3 -matrix with 1 at position (p, q) and consider 
the basis of su( 3 ) consisting of eight complex matrices: 

A\ = i(Ei 1 — E 22 ), A 2 = i(E 22 — E33), 

Bpq — Epq Eqp , C' pq — i(E pq T b'Jqp ), 
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where p,q £ { 1 , 2 , 3 } such that p < q. We denote by {ai, 02, ■••,023} the dual basis 
and define a triplet of 2 -forms on 517 ( 3 ) by setting 


= —-^-aia2 + &12C12 + bi 3 Ci3 — 623C23; 

73 , 1 

W2 = -^-02012 — «lCl2 + -«2Cl2 — Ol3°23 + C13C23; 

73 1 

W3 = -^-02Ci2 + ai6i2 — -d2bi2 + 613C23 + &23C13- 


The 2 -forms have a matrix representation, on the basis (A±, A-2, B12, B 13, B23, C 12, C13, C23) 
and its dual, given by 




0 

V 3 

2 

0 

0 

0 

0 

0 

0 


_ VS 0 

2 u 

0 0 

0 0 

0 0 

0 0 

0 -1 

0 0 

0 0 


0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

-1 0 

0 1 


0 0 
0 0 
1 0 
0 1 
0 0 
0 0 
0 0 
0 0 


0 \ 
0 

0 

0 

1 

0 

0 

0 / 


1 


/ 0 0 0 0 

0 0 f 0 

0 0 0 

0 0 0 0 

0 0 0 1 

1 0 0 

0 0 0 0 

V 0 0 0 0 


0 -10 0 \ 

0 \ 0 0 

0 0 0 0 

-10 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 -1 

0 0 10/ 


and 


■M L j 3 


/ 0 0 

0 0 

-! I 

0 0 

0 0 

0 -71 

u 2 

0 0 
\o 0 


1 0 0 

-i 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0-1 

0-10 


0 0 0 \ 

I 0 0 
0 0 0 
0 0 1 
0 1 0 
0 0 0 
0 0 0 
0 0 0 / 


These 2 -forms are not closed; for example, we have 


dwi = —73ai(&i 3 ci3 + 623 C 23 ) + 73a 2 (6i2Ci2 

+ &I3C13) — b\2b\3C23 ~ &12&23C13 — 1*13^23^12 “ Ci2Ci3C23- 


The transition morphisms N\, N2 and AT 3 , given by ( 1 ), correspond to the following 
matrices in the considered basis: 


/ 

1 

V 3 

2 

v (3 

0 

0 

0 

0 

0 

0 ^ 



0 

0 

I 

V 3 

0 

0 

1 

0 

0 \ 


2 

1 

V 3 

0 

0 

0 

0 

0 

0 



0 

0 

2 

75 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

-1 

0 

0 



0 

c /3 

2 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

-1 

0 

,Mn 2 = 


0 

0 

0 

0 

1 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

1 



0 

0 

0 

-1 

0 

0 

0 

0 


0 

0 

1 

0 

0 

0 

0 

0 



-1 

1 

2 

0 

0 

0 

0 

0 

0 


0 

0 

0 

1 

0 

0 

0 

0 



0 

6 

0 

0 

0 

0 

0 

1 

V 

0 

0 

0 

0 

-1 

0 

0 

0 / 

\ 

0 

0 

0 

0 

0 

0 

-1 

0 / 
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and 

/ 0 0 -10 0 0 0 \ 

0 0 0 0 0 0 0 

1 -± 0 0 0 0 00 

KA 000000 0 -1 

JVl /Vo = 

3 0 0 0 0 0 0 -1 

0^000 0 0 0 

0 0 0 0 1 0 0 0 

\ 0 0 0 1 0 0 0 0/ 

An easy computation gives 

du 1 (N 1 (-),N 1 (-),N 1 (-))=dLu 2 (N 2 (-),N 2 (-),N 2 (-))=dL J3 (N 3 (-),N 3 (-),N 3 (-)) 

— —«1^13Cl3 + O1623C23 ~ 2ai&i2Ci2 — 02613013 — 202623023 
+ O2612C12 + 623C12C13 + 613C12C23 + 612C13C23 + 612613623, 

which shows that the triplet (wi, u>2, W3) is a hypersymplectic structure with torsion 


on su( 3 ). Finally, the pseudo-metric is 

given by 






/ 

-1 

1 

2 

0 

0 

0 

0 

0 

0 

\ 



1 

2 

-1 

0 

0 

0 

0 

0 

0 




0 

0 

-1 

0 

0 

0 

0 

0 


* 

Oq 

II 


0 

0 

0 

-1 

0 

0 

0 

0 



0 

0 

0 

0 

-1 

0 

0 

0 




0 

0 

0 

0 

0 

-1 

0 

0 




0 

0 

0 

0 

0 

0 

-1 

0 



V 

0 

0 

0 

0 

0 

0 

0 

-1 

/ 


In the third example, which is taken form [ 12 ], we describe a hypersymplectic 
structure on the Lie algebroid tangent to the manifold M = S 3 x (.S' 1 ) 5 . The sphere 
S 3 is identified with the Lie group Sp( 1 ). In its Lie algebra sp(l) we consider a 
basis {A2, A3, A4} and the brackets 

[A-2, A3] = 2A4, [A3, A4] = 2A2, [A4, A2] = 2A3. 

Let {02,03,04} be the dual basis and let us consider a basis {01,05,06,07,03} of 
1 -forms on (S 1 ) 5 . We define a triplet (wi, W2, W3) of 2 -forms on M by setting, on 
the basis {02,03,04,01,05,06,07,03}, 

wi = a 2 ai + 0403 + a 6 o 5 + 0307; 
w 2 = a 3 ai + 0204 + 0705 + a 6 as; 
co 3 = 0401 + a 3 a 2 + a 8 o 5 + 0706. 

Their matrix representation on the considered basis is given by 


/ 

0 

0 

0 

1 

0 

0 

0 

0 

\ 


( 

0 

0 

1 

0 

0 

0 

0 

0 \ 


0 

0 

-1 

0 

0 

0 

0 

0 




0 

0 

0 

1 

0 

0 

0 

0 


0 

1 

0 

0 

0 

0 

0 

0 




-1 

0 

0 

0 

0 

0 

0 

0 


-1 

0 

0 

0 

0 

0 

0 

0 


5 •A / tcd2 — 


0 

-1 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

-1 

0 

0 



0 

0 

0 

0 

0 

0 

-1 

0 


0 

0 

0 

0 

1 

0 

0 

0 




0 

0 

0 

0 

0 

0 

0 

1 


0 

0 

0 

0 

0 

0 

0 

-1 




0 

0 

0 

0 

1 

0 

0 

0 

V 

0 

0 

0 

0 

0 

0 

1 

0 

) 


\ 

0 

0 

0 

0 

0 

-1 

0 

0 / 
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and 

/ 0 -1 0 000 0 0 \ 

10 00000 0 

0 0 0 1 0 0 0 0 

_ 00-10000 0 

- 00 00000 -1 

00 0000 -1 0 

0 0 0 0 0 1 0 0 

\ 0 0 00100 0 / 

The 2 -forms are non-degenerate and not closed: 

dwi = —2010304, dtC2 = —2010402, doi3 = —2010203. 

The transition morphisms N\, N2 and N3, given by ( 1 ), correspond to the following 
matrices: 

Mn 1 =M CJi , Mn 2 =M UJ2 , Mjv 3 = M U3 - 

Moreover, 

dwi( 7 Vi(-), JVi(-), Ni(-)) = doi 2 (A2 (■) 5 -^ 2 ( 0 ) -^2 (•)) = dw 3 (JV 3 (-), -^ 3 (')> A^G)) = 2020304, 

which shows that the triplet (wi, W2, w 3 ) is a hypersymplectic structure with torsion 
on the Lie algebroid TM. Regarding the pseudo-metric, we have g = id^M- 

6. The pre-Courant algebroid case 

In this section we firstly recall the notion of (para-)hypersymplectic structure on 
a pre-Courant algebroid, introduced in [ ]. Then, we prove some results involving 
the Nijenhuis torsions of morphisms on A and on A® A*. 

In order to simplify the notation, when I and J are endomorphisms of a pre- 
Courant algebroid, the composition To J will be denoted by TJ. 

Let us consider a triplet (< 5 >i, £2,53) of skew-symmetric (w.r.t. (•,■)) endomor¬ 
phisms Si : E — > E, i = 1 , 2 , 3 , on a pre-Courant algebroid (E, (-, •), 0 ), such that 

i) Si 2 = £i id#, 

ii) SiSj = -SjSi, i,j G { 1 , 2 , 3 }, i ± j, 
hi) Qsi,Si = £»©, 1 

where the parameters e-i = ±1 satisfy £i£2£3 = — 1 . 

If £1 = £2 = £3 = — 1 , then (<Si, Si, S3) is said to be a hypersymplectic structure 
on (E, 0 ). Otherwise, (Si, Si, S3) is said to be a para-hypersymplectic structure on 
(/••• 0 ). 

The transition morphisms are the endomorphisms 7 i, 7~2 and T3 oi E defined as 
( 19 ) % := Si-iSi-iSi+i, i G Z3. 


Among the pre-Courant algebroid structures, we shall be interested in those 
defined on vector bundles of type A © A *, equipped with the natural pairing, since 
these can be related to structures on A. 

If we take a triplet (wi, 102,013) of 2 -forms and a triplet (711,712,713) of bivectors 
on A, we may define the skew-symmetric endomorphisms Si : A © A* —> A © A*, 
* = 1 , 2 , 3 , 


( 20 ) 



£j 71 1 

0 


^We use the following notation: ©z = {X,©} and ©z ,:7 = {,X,{X, ©}}, with X, J skew- 
symmetric endomorphisms of E. For further details on the supergeometric approach see [13]. 
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The next proposition was proved in [ 4 ] for the hypersymplectic case. The para- 
hypersymplectic case has an analogous proof. 

Proposition 6 . 1 . Let (wi, W2, W3) be a triplet of 2 -forms and (711,712,713) be a triplet 
of bivectors on a Lie algebroid (A,p). Consider the triplet (Si, S2,S^) of endomor- 
phisms of A® A*, with Si given by ( 20 ). The following assertions are equivalent: 

i) (wi,W2,W3) is a (para-)hypersymplectic structure with torsion on the Lie 
algebroid (A, p) and 7if is the inverse of u>i, i = 1 , 2 , 3 ; 
ii) (Sl,6>2,S3) is a (para-)hypersymplectic structure on the pre-Courant alge¬ 
broid (A ® A*,p + if), for some if £ T(A 3 S). 

Notice that in the assertion ii) of Proposition 6 . 1 , since (S^^,^) is a hyper¬ 
symplectic structure, condition (p + if)s k ,S k = £&(// +VO holds and implies that if 
has to be of the form Tife], for any k £ { 1 , 2 , 3 }. 

Under the conditions of Proposition 6 . 1 , the transition morphisms of the (para- 
)hypersymplectic structure (Si, £2, S3) 011 (S ® A*, p + if), defined by ( 19 ), are 
given by 



( 21 ) 


where Ni is defined by (1). 

Recall that the Nijenhuis torsion S M iV of an endomorphism TV on a pre-Lie 
algebroid 2 (A, p) is given by 

( 22 ) ^N(X, Y) = [NX, NY] - N{[NX, Y] + [X, NY] - N[X, Y]), 

for all X,Y GT(A). 

The Dorfman bracket of a pre-Courant algebroid ( E , 0 ) is defined, for all X, Y £ 
T (E), by the derived bracket expression 


[X,Y] = {{X, 0 },Y}. 


( 23 ) 


The Nijenhuis torsion TFqI of an endomorphism I on (E, 0 ) is given by [ 1 , 10 ] 


( 24 ) %sl(X,Y) = [IX,TY]-l([X,Y] x ) = \ ([X,Y] x>I - [X,Y] x2 ) , 


for all X,Y £ T(TT), where 


( 25 ) [X,Y] x =[XX,Y] + [X,XY]-X[X,Y] and [v]^ = ([v^- 


The next proposition addresses a relation between N and the Nijenhuis torsion 
of the skew-symmetric morphism V N = N ® (—TV*) on the pre-Courant algebroid 
(.A ® A*,p) (see ( 24 )). To the best of our knowledge formula ( 26 ) is new. 

Proposition 6.2. Let ( A, p) be a pre-Lie algebroid and define V N : A®A* —> A® A* 



where TV : A —> A is a bundle morphism. The 


Nijenhuis torsion 0 fJ 'D N of the endomorphism D N on the pre-Courant algebroid 
[A®A*,p) is given by 


( 26 ) ^V N (.X + a,Y + f 3 ) = [X + a,Y + 0 \^ N 

+ (N*) 2 [X,P] - [-Y, (TV*) 2 /T] + (TV*) 2 [a, F] - [(TV*) 2 a,Y], 


2 A pre-Lie algebroid is a pair ( A , fi) that satisfies the axioms of the Lie algebroid definition 

except, eventually, the Jacobi identity. In other words, we may have {fi, fi} ^ 0. 
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for all X + a,Y + (3 £ T(A © A*), where [•, ■] and [•, N stand for the Dorfman 

brackets determined by the superfunctions p and b^N, respectively 3 , according to 
(23). 

Proof. Using the K-bilinearity of we have 

(27) %D n (X + a, F + £) = ^V N (X, Y) +%V N (X, /?) 

+ (a, Y) + b^V N (a, (3), 

for all X,Y £ T(A) and a,/3 £ T(A*), where we identify A' + 0 £ T(A© A*) with A' 
and 0 + a £ T(A © A*) with a. In what follows, we explicit each of the summands 
of the r.h.s. of Equation (27). For the first summand, denoting by ^ the 
deformation of the Dorfman bracket [•,■] by T>n (see (25)), we have 

%D N (X,Y) = [v n x,v n y\-v n ([x,y] c J 

= \V N X, V n Y] - V N [V N X, Y] - V N [A, V n Y] + Vl [X,Y] 

= [NX, NY] - N[NX, Y] - N[ A, NY] + A 2 [A, Y] 

(28) =%N(X,Y), 

where we used (24) and (22) and the fact that, when restricted to sections of A, 
V N coincides with N. In the supergeometric setting, (28) may be written as 

(29) (A, Y) = \ {{A, p N , N - p N 2} , Y} . 

The second summand of the r.h.s. of (27) can be written as (see (24)) 

(30) ^MX,/3) = U[X,/3] V v -[X,/i] D2 V 

Z \ N ' N N J 

The key argument of this proof is the relation between morphisms V 3 = Vn oT> n 
and D „. In fact 

N z 

P 2 (X + a) =A 2 (X) + A* 2 (a), while V n2 (A + a) = A 2 (X) - N* 2 {a). 
Thus, Equation (30) becomes 

%V N (A, (3) = \ ( [A, 0\ v v - [A, 0\ p ) - [A, N* 2 /3] + A* 2 [A, 0\ 

Z \ N ’ N J 

(31) =^{{X,p N , N -y N 2},(3}-[X,N* 2 (3\ + A* 2 [X,/3j. 
Analogously, the third summand of the r.h.s. of Equation (27) is given by 

(32) %D N (a,Y) = ±{{a,p N:N - y N2 } ,Y} - [N* 2 a,Y] +N* 2 [a,Y ]. 

Finally, the fourth summand vanishes because the Dorfman bracket vanishes when 
restricted to sections of T(A*). Thus, using (29), (31) and (32), Equation (27) 
becomes 

(X + a, Y + ft) = ^ ^ A + a, — (pn.n — Mat 2 ) ^ > Y + /3 

- [A, A* 2 /?] + A* 2 [A, /3] - [N* 2 a,Y] + A* 2 [a,F] 

= [A + a, Y + P\^ N 

- [A, A* 2 /?] + N* 2 [X,fi] - [A* 2 a,F] + A* 2 [a,F]. 

^Note that is seen as a function in the supergeometric sense, so that we may consider the 
Dorfman bracket associated to it. 
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□ 


Corollary 6.3. If T> N is a Nijenhuis morphism on a pre-Courant algebroid (A® 
A*,p), then N is a Nijenhuis morphism on the pre-Lie algebroid (A,n). 

Proof. It suffices to evaluate (26) on pairs of type {X + 0, Y + 0). □ 

The next proposition, that already appears in [10], is a direct consequence of 
(26). The notations used are the same as in Proposition 6.2. 

Proposition 6.4. Let N : A —»• A be a bundle morphism such that N 2 = Aid^, 
for some A £ 1. Then, the skew-symmetric morphism D N = N ® (-N*) satisfies 
V 2 = Ak1a©a* and, in this case, = 0 if and only iflT^N = 0. 

Let us recall that the concomitant Cq(I,J) of two skew-symmetric endomor- 
phisms I and J of a pre-Courant algebroid (E, 0) is defined by [1]: 

(33) Cq(1, J) := Qi. j + Oj,x- 

The next proposition establishes a relation between the Frolicher-Nijenhuis bracket 
[I,J]fn of two endomorphisms on a pre-Lie algebroid (A, p) and the concomitant 
C,j,{D j.Vj) of the induced morphisms on (A ® A *, pi) and it will be used in the next 
section. 


1 

0 N 

] and V T := ( 

f j 


\ 0 

-I* . 

/ J ' 

K 0 

-J* J 


Proposition 6.5. Let {A,pf) be a pre-Lie algebroid and I,J:A—>A two anticom¬ 
muting endomorphisms of A. Then, T > 1 := 

are anticommuting skew-symmetric endomorphisms of A ® A* and 
[/, J] FN (X, Y) = —C^V^X + 0 , Y + 0 ), 


for all X,Y £ T(j4). In particular, if C tt (D I ,'D J ) vanishes then so does [I,J]fn- 

Proof. The fact that Pj and Dj are anticommuting skew-symmetric endomorphisms 
of A ® A* is immediate to check. Moreover, using formula (5) in [2], we have 

(34) [I,J] FN = {{I,p},J} + {IoJ,yi}. 

Because I and J anticommute, I o J = L {J, 1} and (34) becomes 

[I, J] FN = {{I,p} ,J} + - {{J,I} ,/4 ■ 

Using the Jacobi identity of the big bracket, we get 

□ 


7 . Compatibilities and deformations 

It was proved in [12] that, when £i = £2 = £3 = —1, condition (14)v) in Def¬ 
inition 4.2 implies that the Nijenhuis torsion of the endomorphisms I\,I -2 and I 3 
vanishes, so that they are in fact complex structures on (A, fT). Taking into account 
Theorem 4.5, the next theorem can be seen as a generalization of the mentioned 
result in [12]. 

Theorem 7.1. Let (uii, 012 , 013 ) be a (para-)hypersymplectic structure with torsion 
on a Lie algebroid (A,p). The endomorphisms N±,N 2 and N 3 given by (1) are 
Nijenhuis morphisms. 


HYPERSYMPLECTIC STRUCTURES WITH TORSION ON LIE ALGEBROIDS 


15 


Proof. As a consequence of Proposition 6.1, the triplet (Si,S 2 ,S 3 ), with S,; given 
by (20), is a (para-)hypersymplectic structure on the pre-Courant algebroid (A® 
A*,/x + if), with if = ^[TTfcjTTfc], for any k £ {1,2,3}. Using Theorem 5.3 in [4], 
the endomorphisms %, i = 1, 2, 3, given by (21) are Nijenhuis morphisms on (A ® 
A* ,p +if). This means that, using Corollary 3 in [5], 

I 7 } 2 = e ! idA©A* 

1 {k' + ^Ti.Ti = £i{p + lf). 

Splitting up the equality (/x + if)Ti,% = £i{p + if) in terms of bidegree, we get, on 
bidegree ( 1 , 2 ): 

ATi.Ti = £iA 

Thus, 7} is Nijenhuis on (A ® A*,/x) and Corollary 6.3 yields that iV) is Nijenhuis 
on (A,/x). □ 

Next, we prove that a (para-)liypersymplectic structure with torsion on a Lie 
algebroid (A,/x) determines some compatibility properties among the Nfs, the 77 i’s 
and the tofs. 

Proposition 7.2. Let (axi, 0 x 2 , 0 x 3 ) be a (para-)hypersymplectic structure with tor¬ 
sion on (A, p). The Nijenhuis morphisms N \, N 2 and IV 3 given by (1) are pairwise 
compatible in the sense that [Ni,Nj]pN = 0 ,i,j £ {1,2,3}. 

Proof. First, notice that [Ni, N.^fn = thus, when i = j, the statement 

was proved in Theorem 7.1. Let us consider now i,j £ {1, 2, 3}, with i 7 ^ j. From 
Proposition 6 .1, the triplet (Si, S2, S3) is a (para-)hypersymplectic structure on the 
pre-Courant algebroid (A ® A*, p + if), with if = ^-[ 7 ^, 7 r fc ], for any k £ {1,2,3}. 
Using Proposition 5.4 in [!], we have C^ + ^(J~i,Tj) = 0, with 7} given by (21), i.e., 

{Aj, {Nj, p + 7/1}} + {Nj,{Ni, p + if}} = 0. 

Splitting up this equality in terms of bidegrees, we get, on bidegree (1,2), 

{N i ,{N j ,p}} + {N j ,{N i ,p}} = 0, 

which can be written as Tj) = 0. Applying Proposition 6.5, the statement is 

proved. □ 

Proposition 7.3. Let ( 011 , 0 x 2 , 0 x 3 ) be a (para-)hypersymplectic structure with tor¬ 
sion on (A, p) and ir /. be the inverse of ujk, k = 1,2,3. Then, [ 77 *,7Tj] = 0, 
i,j £ {1,2,3 },i^j. 

Proof. We can assume, without loss of generality, that j = i— 1 and prove [ 77 ,, 77 j_i] = 
0, for i £ Z 3 . From Proposition 6.1, the triplet (<Si, S 2 , S 3 ) is a (para-)hypersymplectic 
structure on the pre-Courant algebroid (A ® A*, /x + if), with if = ^-[ 77 *,, 7 r*,], for 
any k £ {1,2,3}. Using Proposition 5.4 in [4], we have C M+ ^(S,,Sj_ 1 ) = 0, i.e., 

{o H + SiTTi, {oXi_i +£j_i77j_l,/X + if}} + {lXXj_i +e i _i77 i _l, {oXj + £i77,;,p, + if}} = 0. 

Splitting up this equality in terms of bidegrees, we get, on bidegree (3,0), 

£j£i— 1 {77 2 , { 77j _ 1 , /x}} + Si {77i, {0Xi_l, if}} + Oi,i-l = 0, 

where 0»,j-i stands for the permutation on indices i and i — 1. Using the Jacobi 
identity of the big bracket, we get 

(35) 2s i e i - 1 {77,;,{7ri_i,/x}} + Si {{ 77 ,;, oxi_i} , if} + £j_i {{77j_i,u >i} , if} = 0. 

Noticing that the transition morphisms W +1 given by (1) can be equivalently de¬ 
fined as iVj+i = — {77i,oxi_i} = — £j+i {77i_i,6Jj} (see [2]), (35) becomes 

(36) 2SiSi-i {-Ki,{-Ki-i,p}} - (Si +£j_i£ i+ i) {N i+1 ,if} = 0. 
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Because £i£ 2£3 = — 1, we have £* + £i_i£i+i = 0, for all i £ Z 3 , so that (36) 
simplifies to {tt^, { 7 r.i_i, /-i}} = 0 , which is equivalent to [ 7 T*, 7 r*_i] = 0 . □ 

Proposition 7.4. Let (oq, 012 ,^ 3 ) 6 e a (para-)hypersymplectic structure with tor¬ 
sion on (A, fi) and consider the endomorphisms Ni, N 2 , N 3 given by (1). Then, 
Cp(wi,Nj) = 0 , i,j £ {1,2,3 },i=£ j. 

Proof. The triplet (<Sj, S- 2 ■ S 3 ) is, by Proposition 6.1, a (para-)hypersymplectic 
structure on (A © A* ,p + ip). Proposition 5.4 in [ ] yields that C / 1 + ^(Si,Tj) = 0, 
i 7 ^ j. Considering the part of bidegree (0,3) in equation C /J ,+^(Si 1 Tj) = 0, we get 

[uji, {Npp}} + {Nj, {ui,p}} = 0. 

□ 


Recall that if N is a Nijenhuis morphism on a Lie algebroid (A, p) then p^ = 
{N,p} is a Lie algebroid structure on A [ 8 ]. The Lie bracket on T(A) will be 
denoted by [•, -]at- 

Theorem 7 . 5 . A triplet (u>i,012,0)3) is a (para-)hypersymplectic structure with 
torsion on (A, p) if and only if (uq, 012, 013) is a (para-) hyper symplectic structure 
with torsion on (A, pNi),i = 1, 2, 3. 

Proof. Let (oq, 012 , UI 3 ) be a (para-)hypersymplectic structure with torsion on (A, p) 
and fix i £ {1,2,3}. From Theorem 5.5 in [ ] and Proposition 6.1 we get that 
(Si. S' 2 ■ S 3 ) is a (para-)liypersymplectic structure on the pre-Courant algebroid (A® 
A*, (p + ip)Ti) , with ip = ^[ 7 Tfc, 7 Tfc], for any k £ {1,2,3}. In the computation 
that follows we consider k = i. The pre-Courant structure (p + ^ 1 )% is given by 
{A} ,p + tp} and we have 

{Ni,p + 1 p} = p Ni + {tTj, { 7 Tj, /i}} j 

= TNi - Y {{Ni,7ri},{iri,p}} - j {^i, {{ N i, m} , M}} 

- J {^,{ 7 Ti,{Ni,p}}} 

= UNi + 

where we used, in the last equality, the fact that {A},^} = 0 (see [2]). Applying 
Proposition 6.1 we conclude that (uq, u>2, 013) is a (para-)hypersymplectic structure 
with torsion on (A, pn,)- 

The converse holds because the statements of Theorem 5.5 in [4] and Proposi¬ 
tion 6.1 are equivalences. □ 

The proof of Theorem 7.5 can be summarized in the diagram: 


(uq,w 2 ,w 3 ) (para-)HST 
on (A, p) 


Thmjj, (011,012, W3) (para-)HST 
on (A, p Ni ) 


Prop 6.1 


Prop 6.1 


(<Si, S' 2 , S 3 ] (para-)HS , Thm 5.5 . (5i,5 2 ,«S 3 ) (para-)HS 
on (A © A*, p + ip) in[ 5] on (A © A*, (p + VOtJ 


where we used the abbreviations HS and HST for liypersymplectic and liypersym- 
plectic with torsion, respectively. 

Proposition 7.6. Let (A, p) be a Lie algebroid and tt a non-degenerate bivector 
on A with inverse 01 . Then, y 71 ’ := p„ + L { w , [71-, 7 r] } is a Lie algebroid structure on 
A*. 
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Proof. Aiming to prove that { 7 ^, 7 ^} = 0, we compute 

(7^) 7^} = j/Ur + ^ {w, [tt, tt]} ,/x*. + i {ox, [7T,7r]} j 

= + {Mtt, {w, [tt, tt]}} + i {{ox, [tt, 7r]} , {w, [?T, 7r]}} 

(37) = {/X^, Hn} + {/Ur, {ox, [tt, 7r]}} + i {{{ox, [tt, 7t]} , Ox} , [tt, 7t]} 

+ i{w,{{w,[7T,7r]},[7r,7r]}}, 

where we used the Jacobi identity in the last equality. Using again the Jacobi 
identity and taking into account the bidegree, we get {{ox, [ 77 , 7t]} , [ 7 r, 7r]} = 0. Fur¬ 
thermore, a straightforward computation leads to {{ox, [7r,7r]} , ox} = 4{7r, {ux,/x}}. 
Therefore, equality (37) becomes 

(38) {^, 7 W } = {/X w , Pn} + {/Ur, {w, [tt, tt]}} + {{tt, {oX, /i}} , [tt, tt]} . 

A simple computation shows that = {/x, [ 77 , 77 ]} and the Jacobi identity 

applied to the last two terms of (38) yields 

{7 7r ,7 7r } = {P, k, tt]} + {{/Ur, w} , [77 , 77]} + {oX, {/Xrr, [?7, 77]}} 

+ {{-idA, lA , [77, tt]} + {{ox, { 77 , n}} , [ 77 , 77 ]} . 
Since {id^, /x} = /x and {/t,r, ox} = {{ 77 , /i} , ox} = — {ox, { 77 , / 1 }}, we obtain 

{7", 7"} = {W,{/Ur, [77 , 77]}}. 

Finally, a cumbersome computation shows that {/x^, [ 77 ,7r]} = 0 and completes the 
proof. □ 

Remark 7.7. In the proof of Proposition 7.6 we only use the properties of the big 
bracket. However, the proof can be done using the operation of twisting by a 
bivector and by a 2-form that was introduced in [ ]. Let us briefly explain this, 

using the notation of [ ]. The twisting of (/x, 0,0,0) by — ox yields the quasi-Lie 
bialgebroid structure (/x, 0,0, {/t, ox}) on (A, A*) and the twisting of (/t, 0,0, {/t, ox}) 
by 77 gives 

(39) ^/x + { 77 , {/x, ox}}, {/x, tt} + i{w, [ 77 , 77 ]}, 0, {/x, ox} j . 

From Lemma 2.1, the twisted Maurer-Cartan equation 

[ 77 , 77 ] = 2 du> ( 77 ^ (*), 77**(-), 77**(-)) 

holds, so that (39) is a quasi-Lie bialgebroid structure on (A, A*), as it is proved 
in [14]. This, in turn, implies that the term of bidegree (2,1) in (39), 

(40) {/x, tt}+ i{w, [ 77 , 77 ]}, 
is a Lie algebroid structure on A*. 

In the next theorem we show that there is a one-to-one correspondence between 
(para-)hypersymplectic structures with torsion on A and on A*. 

Theorem 7.8. The triplet ( 0 x 1 , 0 x 2 , 0 x 3 ) is a (para-)hypersymplectic structure with 
torsion on (A,/x) if and only if ( 771 , 772 , 773 ) is a (para-)hypersymplectic structure 
with torsion on (A*, £i r y' Ki ), where j ni := /j, 7Ti + ^ { 0 x 7 , [ 777 , 77 ,;]} ,* = 1,2,3, and 777 is 
the inverse 0 / 0 x 7 . 

Under the conditions of Theorem 7.8, the Lie algebroid structures on A* can be 
written as £ip ni + { 0 x 7 , ip} ,i = 1,2,3, with ip = [ 77 ^, 77 *,], for any k £ {1, 2, 3}. 
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Proof of Theorem 7.8. Let (wi, ui 2 , W 3 ) be a (para-)hypersymplectic structure with 
torsion on ( A , fi) and fix i £ {1, 2, 3}. From Theorem 5.5 in [4] and Proposition 6.1 
we have that (iSi, 6 > 2 ,<S> 3 ) is a (para-)hypersymplectic structure on the pre-Courant 
algebroid ( A ® A*, (/x + if)si), with if = ^-[nk,TTk\, for any k £ {1,2,3}. In the 
computation that follows we consider k = i. The pre-Courant structure (/i + if)si 
is given by 

{n + i>)si = £i'y ni + AW 

A direct computation shows that = Y[wi,Ui] 7 *i, where [-,-J^i stands for the 
Schouten-Nijenhuis bracket of the Lie algebroid structure on A*. Then, 

Si 1 

(h T = E-i'y 1 T “ [^i: ^i] i y 7r i — * T ^i]si 7*'* 

and, using Proposition 6.1, the result follows. 

The converse holds because the statements of Theorem 5.5 in [4] and Proposi¬ 
tion 6.1 are equivalences. □ 

The proof of Theorem 7.8 can be summarized in the diagram: 


(oji,uj 2 ,uj 3 ) (para-)HST Thm 7.8 (tti, 7r 2 ,7 t 3 ) (para-)HST 
on (A, fi) ' on (A*, £i'y’ Ki ) 


Prop 6.1 


Prop 6.1 


(Si,S 2 ,<S 3 ) (para-)HS , Thm 5.5 . (Si,S 2 ,S 3 ) (para-)HS 
on (A ® A*, fi + if) in [5] on (A® A*, (fj, +if)Si) 
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